We describe in detail the solution of type IIB superstring theory in the maximally supersymmetric plane-wave background with constant null Ramond-Ramond 5-form field strength. The corresponding light-cone Green-Schwarz action found in hep-th/0112044 is quadratic in both bosonic and fermionic coordinates. We obtain the light-cone Hamiltonian and the string representation of the corresponding supersymmetry algebra. The superstring Hamiltonian has a "harmonic-oscillator" form in both the string oscillator and the zero-mode parts and thus has a discrete spectrum. We analyze the structure of the zero-mode sector of the theory, establishing the precise correspondence between the lowest-lying "massless" string states and the type IIB supergravity fluctuation modes in the plane-wave background. The zero-mode spectrum has certain similarity to the supergravity spectrum in AdS 5 × S 5 background of which the plane-wave background is a special limit. We also compare the plane-wave string spectrum with expected form of the light-cone gauge spectrum of the AdS 5 × S 5 superstring. *
Introduction
The simplest gravitational plane wave backgrounds
supported by a constant NS-NS 3-form background provide examples of exactly solvable (super)string models: the string action becomes quadratic in the light-cone gauge x + = p + τ (see, e.g., [1] [2] [3] [4] ). It was recently pointed out [5] that this solvability property is shared also by a conformal model describing type IIB superstring propagating in a particular plane-wave metric supported by a Ramond-Ramond 5-form background [6] :
1)
This background has several special properties. It preserves the maximal number of 32 supersymmetries [6] , and it is related by a special limit (boost along a circle of S
5
combined with a rescaling of the coordinates and of the radius or α ′ ) to the AdS 5 × S 5 background [7] . The exactly solvable string theory corresponding to (1.1) may thus have some common features with a much more complicated string theory on AdS 5 × S 5 whose light-cone action contains non-trivial interaction terms [8, 9] .
In the present paper which is an extension of [5] we will present in detail the solution of this R-R plane-wave string model. In particular, we will explicitly identify the massless modes in its spectrum with small fluctuations of the type IIB supergravity fields in the background (1.1). The results will have an obvious similarity to those of [10] in the case of AdS 5 × S 5 . In particular, a remarkable common feature of the R-R plane wave supermultiplets and the AdS supermultiplets is that the massless fields with different spins belonging to the same supermultiplet have, in general, different lowest energy values. The same is true also for massive supermultiplets.
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Let us first recall the form of the light-cone gauge Green-Schwarz action for the type IIB superstring in the background (1.1). This action was found in [5] by using the supercoset method of [13] , but there is a simple short-cut argument relating the presence of the fermionic "mass" term to the form of the generalized spinor covariant derivative in type IIB supergravity. In view of the special null Killing vector properties of the background (1.1), (1.2) it is possible to argue that the only non-vanishing fermionic contribution to the type IIB superstring action in the standard light-cone gauge
comes from the direct covariantization
of the quadratic fermionic term in the flat-space GS [14] action. Here θ I (I=1,2) are the two real positive chirality 10-d MW spinors and ρ 3 =diag(1,-1) (see Appendix for notation). D is the generalized covariant derivative that appears in the Killing spinor equation (or gravitino transformation law) in type IIB supergravity [15] : acting on the real spinors θ I it has the form (here we ignore the dilaton and R-R scalar dependence and rescale the R-R strengths by -2 compared to [15] )
(1.5) where the ρ s -matrices in the I, J space are the Pauli matrices ρ 1 = σ 1 , ρ 0 = iσ 2 . In the light-cone gauge (1.3) the non-zero contribution to (1.4) comes only from the term where both the "external" and "internal" ∂ a x m factors in (1.4) become p + δ m + δ 0 a . As is well-known, in the flat-space light-cone GS action θ 1 and θ 2 become the right and the left moving 2-d fermions. In the presence of the F 5 -background (1.2) the surviving quadratic fermionic term is proportional to θ 1 Γ − Γ µ 1 ...µ 4 θ 2 F +µ 1 ...µ 4 . While in the case of an NS-NS 3-form background the fermionic interaction term has a chiral 2-d form (ρ 3 is diagonal), in the case of a R-R background one gets a non-chiral 2-d "mass-term" structure (ρ 1 and ρ 0 are off-diagonal) out of the interaction term in D a in (1.4), (1.5) .
The resulting quadratic light-cone action [5] can be written, like the flat-space GS action, in a 2-d spinor form and describes 8 free massive 2-d scalars and 8 free massive Majorana 2-d fermionic fields ψ = (θ 1 , θ 2 ) propagating in flat 2-d world-sheet
Here ∂ ± = ∂ 0 ± ∂ 1 and we absorbed one factor of p + into θ I . We use the spinor notation of [5] , i.e. γ m ,γ m are the 16 × 16 Dirac matrices which are the off-diagonal parts of 32 × 32 matrices Γ m . The matrix Π in the mass term (Π 2 = 1) is the product of four γ-matrices (see Appendix) which originates from Γ µ 1 ...µ 4 F +µ 1 ...µ 4 in (1.4), (1.5) . In section 2.1 we shall review the solution of the classical equations corresponding to the light-cone gauge action (1.6),(1.7) and then (in section 2.2) perform the straightforward canonical quantization of this quadratic system already sketched in [5] . In section 2.3 we shall present the light-cone string realization of the basic symmetry superalgebra of the plane-wave background. We shall then use this superalgebra to fix the vacuumenergy ("normal-ordering") constant in the zero-mode sector (section 2.4). As we shall explain, the choice of the fermionic zero-mode vacuum is not unique with different (physically equivalent) choices depending on how one decides to describe the representation of the corresponding Clifford algebra. In particular, we note that a choice that leads to zero vacuum energy constant breaks the SO(8) global symmetry down to SO(4) × SO ′ (4) (which is in fact the true symmetry of the plane-wave background (1.1),(1.2)) but is not the one that has a smooth flat-space limit.
In section 3 we shall determine the spectrum of fluctuations of type IIB supergravity expanded near the plane-wave background (1.1),(1.2). Section 3.1 will contain some general remarks on solutions of massless Klein-Gordon-type equations in the planewave metric (1.2). The bosonic (scalar, 2-form, graviton and 4-form field) spectra will be found in section 3.2. The spin 1/2 and spin 3/2 cases will be analyzed in section 3.3. Our analysis will be similar to the one carried out in [10] in the case of the AdS 5 × S 5 background. As a result, we will be able to give a space-time interpretation to the "massless" (zero-mode) sector of the string theory. The discreteness of the supergravity part of the light-cone energy spectrum will follow from the condition of square-integrability of the solutions of the corresponding wave equations at fixed p + . In section 3.4 we will summarize the results for the bosonic and fermionic spectra in the two tables and then explain how the corresponding physical modes can be interpreted as components of a single scalar type IIB superfield satisfying a massless (dilatation-invariant) equation in light-cone superspace.
In the concluding section 4 we shall make some comments on the parameters and possible limits of the plane-wave string theory, and also compare it with the expected form of the light-cone string theory spectrum in AdS 5 × S 5 background. Our index and spinor notation and definitions as well as some useful relations will be given in Appendix.
Canonical quantization 2.1 Solution of classical equations
The equations of motion following from (1.6),(1.7) take the form:
The parameter f in (1.1) which has dimension of mass can be absorbed into rescaling of x + , x − , i.e. set to a given value. 2 We shall choose the length of σ-interval to be 1. The flat space limit corresponds to m → 0.
As follows from the structure of the covariant string action corresponding to the background (1.1),(1.2) one can absorb the dependence on the string tension into the following rescaling of the coordinates
Then all one needs to do to restore the dependence on the string tension is the following rescaling of p
2 Note also that since the generator P + commutes with all other generators of the plane wave superalgebra we could fix p + to take some specific non-vanishing value. In what follows we shall p + arbitrary. 3 After the rescaling x − , x I will be dimensionless (like τ and σ) but x + (and α ′ p + ) will have dimension of length.
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The general solutions to (2.1),(2.2) satisfying the closed string boundary conditions 4) are found to be
where the basis functions ϕ
and
The canonical momentum P I =ẋ I takes the form
The fermionic momenta given by −iγ − θ I imply that there are the second class constraints which should be treated following the standard Dirac procedure (see, e.g., [5] ).
The coordinate x − satisfies the equation 12) which leads to the constraint
We get the following classical Poisson-Dirac brackets
14)
The matrix γ + in (2.15) is reflecting the fact that we are using the light-cone gauge constrained fermionic coordinates,γ + θ I = 0. The coefficients c n (2.10) are chosen so that the Fourier modes of the fermionic coordinates satisfy the standard Poisson-Dirac brackets (2.15). 
The light-cone superstring Hamiltonian is
18)
Using the fermionic equations of motion it can be rewritten in the form
Plugging in the above expressions for the coordinates and momenta we can represent the resulting light-cone energy operator as
where E 0 is the contribution of the zero modes and E 1 , E 2 are the contributions of the string oscillation modes
22)
The constraint (2.13) takes the form
Let us introduce the following basis of creation and annihilation operators
in terms of which the commutation relations (2.16),(2.17) take the form
Here α = 1, ..., 16, and the spinors are subject to theγ 
31)
We have normal-ordered the bosonic zero modes in E 0 (getting extra term To restore the dependence on α ′ we need to rescale p + as in (2.3). The explicit form of the light-cone Hamiltonian is then
Note that the energy thus depends on the two parameters of mass dimension 1: the curvature (or R-R field) scale f and the string scale (p + α ′ ) −1 . The flat-space limit corresponds to f = 0 (the zero-mode part recovers its flat-space form
2p + as in the case of the standard harmonic oscillator, cf. section 3.1).
The vacuum state is the direct product of a zero-mode vacuum and the Fock vacuum for string oscillation modes, i.e. it is defined bȳ 
The subspace of physical states is obtained by imposing the constraint
Note that in contrast to the flat space case here E I = N I . Let us now make few remarks about the global symmetry of the above expressions. While the metric (1.1) and the bosonic part of the string action (1.6) have SO(8) symmetry, the 5-form background (1.2) and thus the fermionic part of the classical action (1.7) is invariant only under SO(4) × SO ′ (4). The contribution of the string oscillators to the Hamiltonian (2.32) is SO(8) invariant, but this invariance is broken down to SO(4) × SO ′ (4) by the contribution of the fermionic zero modes in (2.31). In general, the amount of global symmetry of the zero-mode Hamiltonian depends on the definition of the fermionic creation and annihilation operators, i.e. on the definition of the zeromode vacuum. With the definition used in (2.27) the vacuum (2.34) preserves SO (8) symmetry, but the fermionic part of the zero-mode Hamiltonian (2.31) is not SO (8) invariant. One can instead introduce another set of fermionic creation/annihilation operators, i.e. use another definition of the fermionic zero-mode vacuum, which preserves only the SO(4) × SO ′ (4) invariance, but which formally restores the SO(8) invariance of the zero-mode Hamiltonian (see section 2.4 below). In any case, the SO(8) invariance is broken down to SO(4) × SO ′ (4) not only in the fermionic zero mode sector, but also explicitly by the string-mode contributions to the dynamical supercharges discussed in section 2.3.
Light cone string realization of the supersymmetry algebra
In general, the choice of the light-cone gauge spoils part of manifest global symmetries, and in order to demonstrate that these global invariances are still present, one needs to find the (bosonic and fermionic) Noether charges that generate them. These charges play a crucial role in formulating superstring field theory in the light-cone gauge in flat space [16, 17] and are of equal importance in the present plane-wave context (see also [5] ).
In the light-cone formalism, the generators (charges) of the basic superalgebra can be split into the kinematical generators
. 4 It is important to find a free (quadratic) field representation for the generators of the basic superalgebra. The kinematical generators which effectively depend only on the zero 4 At point x + = p + τ = 0 the kinematical generators in the superfield realization are quadratic in the physical string fields, while the dynamical generators receive higher-order interaction-dependent corrections.
modes are
The remaining kinematical charges J IJ = (J ij , J i ′ j ′ ) have non-zero components which depend on all string modes are
The dynamical charge P − is given by (2.19), while the supercharges
The derivation of these supercharges was given in [5] .
Using the mode expansions of section 2.1 in (2.37),(2.39) we get by
The charges
where J IJ 0 is the contribution of the zero modes
Note that the kinematical generators do not involve the matrix Π and formally look as if the SO(8) symmetry were present.
While transforming the generators J µν (2.38),(2.40) to the form given in (2.43),(2.45) we multiply them by factor +i.
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The dynamical supercharges (2.41) have the following explicit form
These expressions explicitly break the SO(8) invariance down to SO(4) × SO ′ (4). The requirement that the light-cone gauge formulation respects basic global symmetries amounts to the condition that the above generators satisfy the relations of the symmetry superalgebra of the plane wave R-R background. The commutators of the bosonic generators are
The commutation relations between the even and odd generators are
together with the commutators that follow from these by complex conjugation. The anticommutation relations are
One can check directly that our quantum generators expressed in terms of the creation/annihilation operators do satisfy these (anti)commutations relation. Note that one recovers the flat-space light-cone superalgebra in the limit f → 0. As in the flat superstring case the anticommutator relation between the dynamical generators Q − and Q − (2.59) is valid only on the physical subspace (2.36).
7 Note that we use the Hermitean P µ and the antiHermitean J µν generators. The supercharges Q ± andQ ± are related to each other by the conjugation (Q ± ) † =Q ± .
Choice of fermionic zero-mode vacuum
The states obtained by applying the fermionic zero-mode creation operators to the vacuum form a supermultiplet. States of that supermultiplet can be described in different ways depending on how one picks up a ("Clifford") vacuum to construct the tower of other states on top of it. While it is natural to define "the" vacuum to have zero energy, this is not the only possible or necessary choice as we shall discuss below. In general, the quantum counterpart of the zero-mode energy (2.22) may be written as (cf. (2.33))
60) (2.27) ) and e 0 is a constant that should be fixed from the condition of the realization of the superalgebra (2.56)-(2.59) at the quantum level. Note that E 0 = 0 in the flat-space limit f → 0.
We shall need the following expressions for the zero-mode parts of some symmetry generators (see (2.46),(2.47),(2.48))
61)
Let us introduce instead of θ 0 the following complex fermionic zero-mode coordinates
satisfying in view of (2.15),(2.30) the following relations
In terms of them E 0 = a
Let us now discuss several possible definitions of the zero-mode vacuum (we shall always assume thatā I 0 |0 = 0). In all the cases below the expression for J IJ will imply that the vacuum is a scalar with respect to SO(4) × SO ′ (4). First, we may define the fermionic zero-mode vacuum in the same way is in the case of the flat space background by imposinḡ
This is the definition we used in (2.34). Then
where we use the relationγ I Πγ I = 0. On the other hand, from the supersymmetry algebra relation (2.59) we have
where we used that J IJ |0 = 0. Since for the zero modes E 0 = −P − we learn that here e 0 = 4.
Thus the normal ordering of bosons done in (2.31) is indeed consistent with the supersymmetry algebra. Then from (2.65) we see that acting with θ L (θ R ) on |0 we increase (decrease) the energy by one unit. The generic fermionic zero-mode state is
The restriction on the values of n R and n L comes from (θ R ) 5 = 0, (θ L ) 5 = 0 (the projected fermions have only 4 independent components). The corresponding energy spectrum is thus
The values of the energy of the lightest massless (type IIB supergravity) string modes with no bosonic excitations thus run from 0 to 8 (in units of f). The equivalent definition of the vacuum is obtained by using the conjugate of (2.68)
One may instead define the vacuum bȳ
leading to 
in which case one finds that
Here also E 0 = 0, 1, . . . , 8. Note that the two choices of the vacuum (2.68) and (2.73) preserve the SO(8) symmetry but break the effective 2-d supersymmetry of the lightcone string action (1.6) (the 2-d vacuum energy does not vanish). At the same time, the choice (2.78) preserves the 2-d supersymmetry, but breaks the SO(8) symmetry down to SO(4) × SO ′ (4) (cf. (2.63)). All these definitions of the vacuum are physically equivalent, being related by a relabelling of the states in the same "massless" supermultiplet. While in the last choice we discussed the vacuum energy constant e 0 is zero (i.e. the normal ordering constants of the bosonic and fermionic zero modes cancel as they do for the string oscillation modes), the advantage of the first definition we have used above in (2.34) is that it directly corresponds to the definition of the fermionic vacuum in flat space [16, 18] , i.e. with this definition one has a natural smooth flat space limit.
In the next section we shall determine the spectrum of the type IIB supergravity fluctuation modes in the background (1.1),(1.2) and will thus be able to explicitly interpret the states (2.71) with energies E 0 = 0, 1, ..., 8 in terms of particular supergravity fields. The complete type IIB supergravity spectrum is obtained by acting with the bosonic zero mode creation operators a I 0 on the above states. The aim of this section is to explicitly derive the supergravity spectrum using the standard field-theoretic approach, analogous to the one used in [10] for the AdS 5 × S 5 background.
As a preparation, it is useful to present the decomposition of the 128+128 physical transverse supergravity degrees of freedom in the light-cone gauge using the SO(8) → SO(4) × SO ′ (4) decomposition:
(λ is negative chirality complex spinor, and λ ⊕ =
2γ
− γ + λ is its light-cone projection)
(the gravitino is a positive chirality complex spinor, and ψ ⊥ and ψ are its γ-transverse and γ-parallel parts).
As we have already found in string theory (and will confirm directly from the supergravity equations below), here, as in the case of the AdS supermultiplets, the spectrum of the lowest eigenvalues of the light-cone energy operator is non-degenerate, i.e. different states have different values of E 0 .
Massless field equations in plane-wave geometry
Our aim will be to find the explicit form of the type IIB equations of motion expanded to linear order in fluctuations near the plane-wave background (1.1),(1.2) and then to determine the corresponding light-cone energy spectrum. Let us first discuss the solutions of the simplest wave equations in the curved metric (1.1). The non-trivial components of the corresponding connection and curvature are (g
The massless scalar equation in the plane-wave geometry has the following explicit form
After the Fourier transform in x − , x I corresponding to the light-cone description where x + is the evolution parameter
where −P − = i∂ − may thus be interpreted as the light-cone Hamiltonian appearing in the non-relativistic Schrodinger equation for the free harmonic oscillator in 8 dimensions with mass p + and frequency f:
Introducing the standard creation and annihilation operators
we get the following normal-ordered form of the Hamiltonian , D = 10. As usual, the spectrum of states (and thus the solution of (3.9)) is then found by acting by a I on the vacuum satisfyingā I |0 = 0. Below we will need the following simple generalization of this analysis: if a field ϕ satisfies the following equation
where 2 is defined in (3.9) and c is an arbitrary constant, then the corresponding lightcone Hamiltonian is 16) so that the lowest light-cone energy value is given by
In what follows we shall discuss in turn the equations of motion for various fields of type IIB supergravity reducing them to the form (3.15) and thus determining the corresponding lowest energy values from (3.17).
Bosonic fields
Complex scalar field The dilaton and R-R scalar are decoupled from the 5-form background (1.2), i.e. satisfy 2φ = 0 , i.e. E 0 (φ) = 4 . 
where
is the field strength of the complex 2-form field B mn and P m is the complex scalar field strength. The aim is to derive the equation for small fluctuations B mn = b mn in the plane-wave background (1.1),(1.2) (with P m = 0) using the light-cone gauge
It is sufficient to analyze the equations (3.19) for the following values of the indices (m 1 , m 2 ): (−, I) and (I, J). We find
Taking into account that F −m 2 ...m 5 = 0 and the light-cone gauge condition (3.20) we find 
The equation for b ij ′ implies that E 0 (b ij ′ ) = 4 (see (3.9),(3.17)). To diagonalize the remaining equations we decompose the antisymmetric tensor field b ij into the irreducible tensors of the so(4) algebra
The same relations are found for b i ′ j ′ . Then according to (3.15),(3.17) we find the following lowest energy values
(3.27) In the oscillator construction of section 2.4 (see (2.68),(2.71),(2.72)) the monomials of the second order in θ L,R with E 0 = 4 are θ R θ L , which have 16 complex components, i.e. these monomials can be identified with the ground state of b ij ′ . The 2-nd and 6-th order monomials in θ R , θ L which can be identified with the ground states of b
may be found in Table I .
Graviton and 4-form field
Since both the graviton and the 4-form field have non-trivial backgrounds, some of their fluctuation modes are mixed and need to be analyzed together. The full non-linear form of the corresponding equations of motion are 
The (−−) component gives r −− = 0 and thus we find the zero-trace condition for the transverse modes of the graviton
The (−I) components of (3.34) gives r −I = 0 and this leads to the equation D m h mI = 0 which allows us to express the non-dynamical modes in terms of the physical modes represented by the traceless tensor h IJ
Next, we need to consider the self-duality equation for the 5-form field whose (I 1 I 2 I 3 I 4 −) component implies that a +I 1 I 2 I 3 is expressed in terms of the physical modes a IJKL
In terms of a IJKL the 5-form field strength self-duality condition becomes
The (++) component of (3.34) leads to the expression for h ++ (after taking into account the above results):
So far all is just as in the light-cone analysis near flat space.
Let us now do the 4 + 4 split of the 8 transverse directions. The (i, j) components of (3.34) take the form
Using that r ij = − 1 2 2h ij we get
Thus there is a mixing between the trace of the SO(4) part of the graviton h ii and the (pseudo) scalar part of the 4-form potential. From the (i 1 i 2 i 3 i 4 ) component of the DF = 0 equation for the 4-form field in (3.30) we also find that
These equations are diagonalized by introducing the traceless graviton and the complex scalar h
so that we finish with
According to (3.17) this implies
The same results are found of course in the other four directions, i.e. with h ij → h i ′ j ′ and a → a ′ = 1 6
Let us now look at "mixed" components. Eqs. (3.34) in (ij ′ ) directions give
We have used the self-duality (3.39) implying
2 ) components of the DF = 0 equations (3.30) give
Again there is a mixing between the components of the graviton and the 4-form field. These equations are diagonalized by defining the complex tensor
so that the corresponding lowest eigenvalues of the energy are
Finally, for a iji ′ j ′ satisfying, according to (3.39), the constraint
we find from (3.30) that
Note that the self-dual tensor field a iji ′ j ′ is reducible with respect to the SO(4) × SO ′ (4) group. It can be decomposed into the irreducible parts a
The SO(4) × SO ′ (4) labels of these irreducible parts may be found in Table 1 .
Fermionic fields
Let us now extend the above analysis to the fermionic fields of type IIB supergravity.
Spin 1/2 field
The equation of motion for the two Majorana-Weyl negative chirality spin 1/2 fields combined into one 32-component Weyl spinor field Λ [15] ( 
The spinor covariant derivative
µν then takes the following explicit form
Taking into account the background value of the 5-form field (1.2) we get Decomposing λ as
we find that in the light-cone description λ ⊖ is non-dynamical mode expressed in terms of the physical mode λ
Decomposing λ ⊕ further as (cf. (2.63))
we get the diagonal equations of the desired form (3.15)
Then from (3.17) we conclude that the lowest values of the light-cone energy for the fields λ
Spin 3/2 field
The equation for the positive chirality gravitino in the 32-component notation is
In the 16-component notation it becomes
This can be rewritten as
Making use of (3.60) we get
and impose the light-cone gauge for the gravitino field
Eq. (3.69) for m = − then gives
As a consequence,
With the help of these relations the m = i component of (3.69) becomes
Decomposing the gravitino field into the physical mode ψ ⊕ i and non-dynamical mode ψ ⊖ i as in (3.61) we get from eq. (3.73) (acting by γ + or by γ − )
The other non-dynamical mode ψ + (split into ψ ⊕ + and ψ ⊖ + as in (3.61)) is found from (3.71) and the m = + component of the gravitino equation (3.69)
Decomposing the dynamical gravitino mode ψ ⊕ I into the γ-transverse and γ-parallel parts as ψ
As in the spin 1/2 case, to diagonalize these equations we introduce (cf. (3.63))
This gives finally
These equations give, according to (3.15) , (3.17) the following values of the minimal energy E 0 for the respective physical gravitino modes
Similar analysis applies to the gravitino components ψ i ′ . In this case we get (cf. (3.74))
and as a result
As for the γ-parallel part ψ 3.4 Light-cone gauge superfield formulation of type IIB supergravity on the plane wave background
Before proceeding, let us first summarize the results of the above analysis in the two Tables: one for the bosonic modes, and another for the fermionic modes. 
In Tables I,II in the E 0 column we indicate lowest eigenvalues of the light-cone energy operator of the corresponding field. The energy spectrum of higher "KaluzaKlein" modes (obtained by further action by the bosonic zero-mode creation operators a I 0 ) is labeled by k, where k= 0 corresponding to the ground state. Note, however, that these are not the usual Kaluza-Klein-type modes because the action of the symmetry algebra of the plane wave background mixes modes with different values of k. This algebra can be thus viewed as a spectrum generating algebra for the "Kaluza-Klein'' modes.
In the fourth column we have given the Gelfand-Zetlin labels of the corresponding SO(4) × SO ′ (4) representations. In the last column we indicated the monomials in fermionic zero modes θ L , θ R which accompany the corresponding field components in the θ-expansion of the light-cone superfield discussed below.
In the rest of this section we shall present the light-cone gauge superfield description of type IIB supergravity in the plane wave R-R background. As in flat space, the equations for the physical modes we have found above can be summarized in a light-cone superfield form. The corresponding unconstrained scalar superfield Φ(x, θ 0 ) will satisfy the "massless" equation, invariant under the dilatational invariance in superspace.
Finding even the quadratic part of the action for fluctuations of the supergravity fields in a curved background is a complicated problem. 11 We could in principle use the covariant superfield description of type IIB supergavity [21] , starting with linearized expansion of superfileds, imposing light-cone gauge on fluctuations and then solving the constraints to eliminate non-physical degrees of freedom in terms of physical ones. That would be quite tedious. The light-cone gauge approach is self-contained, i.e. does not rely upon existence of a covariant description, and provides a much shorter route to final results.
There are two methods of finding the light-cone gauge formulation of the type II supergravity. One [22] reduces the problem of constructing a new (light-cone gauge) dynamical system to finding a new solution of the commutation relations of the defining symmetry algebra. This method of Dirac was applied to the case of supergravity in AdS 5 × S 5 and AdS 3 × S 3 in [23] and [24] . 12 The second method one is based on finding the equations of motion by using the Casimir operators of the symmetry algebra. Here we shall follow this second approach.
The basic light-cone gauge superfield will be denoted as Φ(x, θ) and will have the following expansion in powers of the Grassmann coordinates θ
83) 11 In the case of the AdS 5 × S 5 background in covariant gauge it was solved in [20] . 12 The application of this method to a superfield formulation of interaction vertices of D = 11 supergravity may be found in [25] (see also [26] for various related discussions). 13 Here we omit the index 0 on the light-cone fermionic zero-mode variable θ 0 denoting it simply as θ. To simplify the expressions for the superfield expansion and its reality constraint we solve the light-cone gauge constraintγ + θ = 0 in terms of eight fermions θ a (a = 1, . . 
24
where ǫ a 1 ...a 8 is the spinorial Levi-Civita tensor, i.e.
(ǫθ
Here we use the following Hermitean conjugation rule:
. This superfield has a certain reality property: the component field for the monomial θ n is complex conjugated to the one for θ 8−n . This reality constraint can be written in the superfield notation as
In what follows we will use again the 16-component spinor θ α = θ Table I , they correspond to the monomials θ L π ⊕ γ −ij θ L and θ R π ⊖ γ −ij θ R where we used the following notation for the self-dual
Let us now determine the equations of motion for the scalar superfield Φ. For this we will need the explicit form of the second-order Casimir operator for the plane wave superalgebra described in section 2.3
The representations of the generators of the plane-wave superalgebra in terms of differential operators acting of Φ(x, θ) may be found by using the standard supercoset method (cf. (2.37)-(2.39))
88)
14 In this section we use the antihermitean representation for the generators P µ . The corresponding commutation relations in this representation can be found from (2.49)-(2.59) by the substitutions P µ → −iP µ .
The projector in the r.h.s. of the definition of the fermionic derivatives ∂ θ in (3.90) reflects the fact that θ satisfies the light-cone gauge condition. Plugging these expressions into (3.87) we find
where 2 was defined in (3.9). In a general curved background the equations of motion for the superfield Φ take the form (C − C 0 )Φ = 0, where the constant term C 0 should be fixed by an additional requirement. For example, in the case of the AdS space, C 0 is expressed in terms of constant curvature of the background. In the present case of the plane wave background the C 0 can be fixed by using the so called "sim" invariance -the invariance under the original plane-wave superalgebra supplemented by the scale-invariance condition, i.e. by the condition of dilatational invariance in superspace [12] . 15 The generator D of dilatations in the light-cone superspace (λ =const)
has the obvious form 
The corresponding quadratic term in the superfield light-cone gauge action is then
Splitting the fermionic coordinate θ into θ R and θ L parts as in (2.63) one can rewrite (3.94) as
This remarkably simple equation summarizes all the field equations for the physical fluctuation modes of type IIB supergravity fields in the present R-R plane-wave background (i.e. the components of Φ (3.83)) which were derived earlier in this section. In particular, the universal expression for the lowest values of the light-cone energy operator can be found by applying (3.15), (3.17) to the case of the equation (3.96):
This reproduces the values of E 0 in Tables I,II .
Concluding Remarks
In this paper we presented the quantization of type IIB string theory in the maximally supersymmetric R-R plane-wave background of [6] whose light-cone gauge action was found in [5] . We explicitly constructed the quantum light-cone Hamiltonian and the string representation of the corresponding supersymmetry algebra. The superstring Hamiltonian has the standard "harmonic-oscillator" form, i.e. is quadratic in creation/annihilation operators in all 8 transverse directions, so that its spectrum can be readily obtained.
We have discussed in detail the structure of the zero-mode sector of the theory, giving it the space-time field-theoretic interpretation by establishing the precise correspondence between the lowest-lying "massless" string states and the type IIB supergravity fluctuation modes in the plane-wave background.
The "massless" (supergravity) part of the spectrum has certain similarities with the supergravity spectrum found [10] in the case of another maximally supersymmetric type IIB background -AdS 5 × S 5 [15] (this may not be completely surprising given that the two backgrounds are related by a special limit [7] ). In particular, the light-cone energy spectrum of a superstring in the R-R plane-wave background is discrete. As in the AdS case [27] , the discreteness of the spectrum depends on a particular natural choice of the boundary conditions. In the present case they are the same as in the standard harmonic oscillator problem: the square-integrability of the wave functions in all 8 transverse spatial directions.
An interesting feature of the plane-wave string spectrum is its non-trivial dependence on p + . This is possible due to the fact that the generator P + commutes with all other generators of the symmetry superalgebra. We defined the spectrum in terms of the light-cone energy H = −P − , which does not depend on p + for the massless (zero-mode) states but does depend on it for the string oscillator modes. In general, one may define the string spectrum in curved space in terms of the second-order Casimir operator of the corresponding superalgebra. In the present case the eigen-values of this operator depend on discrete quantum numbers as well as on p + (through the dimensionless combination m = 2πα ′ p + f with the curvature scale f and the string scale α ′ ). Given the exact solvability of this plane-wave string theory, there are many standard flat-space string calculations that can be straightforwardly repeated in this case. One can determine the vertex operators for the "massless" superstring states and compute the 3-point and 4-point correlation functions, following the same strategy as in the light-cone be the trivial one, i.e. only through the 
Splitting the 4-d coordinates as x a = (x + , x − , x ⊥ ) and using the appropriate light-cone gauge one finds the following phase space Lagrangian [9] 
3)
Compared to [9] we have rescaled the fermions θ i , η i (i = 1, 2, 3, 4) by √ p + (thus absorbing all spurious p + -dependence). P ⊥ , P M are the momenta and ρ M N is a product of Dirac matrices. Here the coordinates and momenta (including H and p + ) are all dimensionless (measured in units of R), reflecting the rescaling done in (4.2). Restoring the canonical mass dimensions (H → RH, p + → Rp + ) the corresponding analog of the plane-wave result (2.33) should thus have the structure
where E 0 , E str are dimensionless functions of the parameters and discrete quantum numbers.
Here the limit α ′ → 0 or T → ∞ for fixed p + R 2 corresponds to the type IIB supergravity AdS 5 × S 5 background with only the E 0 part (known explicitly [10, 23] ) surviving on the subspace of finite mass states. The limit R → ∞ with fixed p + should reproduce the flat space string spectrum (this suggests that E str (T → ∞) should be finite). The limit T → 0 for fixed p + R 2 is a "null-string" limit [30] . Like the corresponding limit in the plane-wave case (4.1) it is expected to be well-defined.
A formal correspondence between (4.5) and (2.33) is established by identifying f with 1 p + R 2 , so that m = 2πα ′ p + f in (2.33) goes over to 2πα ′ R 2 =T −1 . This rescaling of R 2 by p + "explains" why (4.5) does not have a non-trivial dependence on p + while (2.33) does. The dependence of the string-mode part E str of (4.5) on T should of course be much more complicated than dependence on α ′ p + f in (2.33). To determine it remains an outstanding problem.
While this work was nearing completion there appeared an interesting paper [31] which provides a gauge-theory interpretation of this plane-wave string theory based on a special limit of the AdS/CFT correspondence.
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We also use
The SO(9, 1) Levi-Civita tensor is defined by ǫ 01...9 = 1, so that in the light-cone coordinates ǫ +−1.. Note that Π α β =Π β α . Because of the relation γ 0γ9 = γ +− the normalization condition (A.9) takes the form γ +− ΠΠ ′ = 1. Note also the following useful relations (see also [5] )
(A.14)
The 32-component positive chirality spinor θ and the negative chirality spinor Q are decomposed in terms of the 16-component spinors as
The complex Weyl spinor θ is related to the two real Majorana-Weyl spinors θ 1 and θ
The short-hand notation likeθγ µ θ andγ µ θ stand forθ α γ µ αβ θ β and γ µ αβ θ β respectively.
